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1 Introduction

The inverse projection technique, developed by Ronald Lee in the late 1960s,
is a well-known method used for “inferring levels and changes in fertility,
mortality and population age distributions from observed series of births and
deaths, along with some information about population size” [5]. It is a sim-
ple and flexible method to use. Over time, some extensions to the technique
have been proposed to overcome the assumption of migration absence [4]
and for the differentiation of population reconstruction by sex [1]. A further
extension has been suggested by Rosina and Rossi [6, 9]. It takes into ac-
count some information about the age at death, which is usually available in
Italian historical sources. The authors named this modified version of Lee’s
algorithm Differentiated Inverse Projection (IPD).

This paper offers a brief review of the inverse projection methodology
of mortality estimation and the generalisation proposed in the differentiated
version. The results of a few applications are then presented. These show the
importance of considering the age at death on population reconstruction, thus
proving the usefulness of the differentiated inverse projection.

2 Mortality Estimation in the Inverse Projection and in the
Differentiated Version

Starting from a population of age x at exact time ¢ (Py;), the population of
age x+ 1 at exact time ¢ + 1(Py+1,+1) can easily be obtained as follows (for
simplicity of exposition we assume the absence of migration):

* The author thanks Fiorenzo Rossi and Gianpiero Dalla Zuanna for their valuable comments
on an earlier version of this chapter.
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Pet1g41 =Py — Dy, x=n,0,1,...,0~—1; P, = births,

where Dy, are the deaths by age occurred during the time interval (z,z + 1)
(see Figure 1).
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Figure 1. Lexis diagram

Usually, for pre-industrial populations, only the number of total deaths is
available. Thus, the reconstruction of these populations necessitates an esti-
mation of the age distribution of deaths. The relationship that links the known
data about total deaths and the population by age may be expressed by:

Dt:ZPx,th,t x——-n,O,...,(D—l, (1)
X

where D, are the total number of deaths occurred during the time interval
(t,t +1), and g, is the probability that individuals aged x to x+ 1 at exact
time ¢ die before reaching ages x+ 1 to x+ 2 at exact time ¢ + 1.

The problem is therefore to find that series of g, (unknown probability of
dying by age) that, applied to Py,, gives exactly the observed D;. A solution
is given from the model:

xs = gk x=n0,1,...,0—1. )

This could be considered a particular form of a proportional hazard model,
with baseline function ¢¥ and relative risk k.. The model assumes that it is
possible to decompose the probability of dying in a component which varies
by age but is constant over time (¢°: age factor of mortality), and a component
which is constant by age but varies over time (k,: period factor of mortality).
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The baseline function ¢ is an external input that represents the mortality age
structure of the population. The period factor £; can be obtained by plugging
formula (2) into formula (1):

D= ZPx,th,t =k ZPx,tqg
X X

which, solving for k;, gives:
YP x,tqgc)

The following are the main steps for estimating mortality by age:

3

ke

a) from (3), knowing D; and Py,, and choosing an appropriate baseline mor-
tality pattern qfc), we calculate k;;

b) from (2) we calculate gy,

c) the deaths by age now can be easily obtained: Dy; = Py;qy;.

2.1 Inverse Projection

The solution proposed by Lee [3] is based on two baseline mortality pat-
terns (g% and ¢?). The proportional hazard assumption becomes less restric-
tive since it now refers to differences between probabilities:

(qx,t - q,bc) =k (qi’ - qfi) -

Solving for k;, we obtain:

__Di~YPuq}
Y. Pqi— ):Px,t%l?

k:

2.2 Differentiated Inverse Projection

The proportional hazard assumption means that the age mortality structure
is the same in every year of the reconstruction period under study. In fact,
in model (2) the baseline (qg) is constant over time and the only factor that
varies is k;, which in turn doesn’t depend on age. The consequence is that,
from one year to the next, only the mortality level varies, while the structure
by age remains the same.

This assumption is generally not verified in reality because there could be
long-term modifications in the age pattern of mortality. There are also usually
short-term variations in mortality incidence by age, mainly as a consequence
of epidemics (we know for example that typhus is more intense in the adult
ages, and smallpox in the young ages).
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A possible solution [6, 10] is to use the information about deaths by age
when this is available. The information is easy to find in Italian historical
sources [1]. For example, it is not unusual to have enough information that
distinguishes at least between deaths in the first five years of life (child mor-
tality) and deaths in other ages (adult mortality). In this case, we can estimate
different parameters, k;, for child mortality (14;) and for adult mortality (24;).
Model (2) can now be written as:

@t = 40 1k forx=n,0,1,...,4

‘Ix,t:qukz forx=5...,0—1.

We can therefore have an independent estimation of %, in every group of
deaths, given by:

lDt
1k = orx=n,0,1,...,4
' ZPx,tqg /
2Dt
2k, = orx=35,...,0—1,
' ZPx,tqg f

where 1 D; and »D; are respectively child and adult deaths occurred during the
time interval (¢, +1).

Generalising the inverse projection model, for every group of deaths g
(g=1,2,..,G), we have:

(qx,t — qﬁ) = ok (qﬁ? - qf)

and, hence,
_ DY Pud
L Pt — ):Px,t%lé

with x =I(g),...,u(g), where /(g) and u(g) are the lower and upper age limits
of group g.

We have found very useful to distinguish at least between infant (first
year of life) and subsequent mortality. The factors affecting infant mortality
are generally different from those affecting adult mortality, and the impact
on the demographic system is also generally differentiated. If the information
about death by age is more detailed we suggest distinguishing between infant
(1% year of life), young (from 2™ to 15" year) and adult (from 15% onwards)
mortality. This permits us to appreciate the different incidence of epidemics
by age also.

gki
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3 Advantages of Using the Differentiated Version

By using more detailed mortality information, we can obtain a more rigorous
population reconstruction and better estimations on synthetic mortality mea-
sures (ep). Generally, the improvement, with respect to the classic inverse
projection, is relevant only in the occasion of an intense mortality crisis with
different incidence by age.

Of greater importance is the possibility of producing more detailed mor-
tality measures. With the classic inverse projection one can only use, as out-
put, summary measures of mortality which represent the level, as life ex-
pectancy at birth (ep), but not the age pattern of mortality. With the differ-
entiated inverse projection, we can obtain more specific outputs by using
more detailed data. If for example, we distinguish between infant, young and
adult deaths, we can obtain independent measures of mortality in the various
groups of deaths, thus appreciating the long-term evolution and short-term
variation which are different in infant, young and adult mortality.

4 Some Applications to Italian Data

In this section, we present a few applications to Italian data. These show
the importance and usefulness of taking into account age at death with the
differentiated inverse projection to study characteristics and dynamics of the
pre-industrial populations.

4.1 An Analysis of the Pattern of Mortality by Age

Information about the pattern of mortality by age is usually scarce for past
populations. If we use the classic inverse projection, we must assume as an
external input a baseline mortality pattern (see section 2). The usual approach
is simply to choose model life tables from Coale, Demeny and Vaughan [2].
However, for some historical populations, the mortality pattern could be very
different from standard life tables. With the differentiated inverse projection,
we overcome this problem if the quality of the information on age at death
enables us to distribute the death totals by at least a few suitable age groups.

For example, in the study of the evolution of the population of Militello
(a village in the island of Sicily) in the 18" century, we considered the dis-
tinction between infant, child (1-14), young and adult (15 and over) deaths.
We were able to estimate the surviving probability in these age groups by
using the differentiated inverse projection (separately for male and female).
We found that, while the probability to survive until 15 was not different for
male and female, in the adult ages the male mortality was very high (Figure
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2) if compared to the female one of the same population and to male adult
mortality in other populations during the same century [8].
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Figure 2. Probability to survive from age 15 to age 50 by sex. Militello, 1715-1799

4.2 An Analysis of the Demographic System

Equation 4 is usually used for representing the demographic system of a pop-
ulation:
NRR = GRR py, 4)

where: GRR is the Gross Reproduction Rate, NRR is the Net Reproduction
Rate and py; represents the surviving probability from birth to the mean ma-
ternity age (M).

The inverse projection allows the estimation of all these components, so it
is possible to see whether the variations observed in the natural growth of the
population (NRR) during the reconstructed period are mainly due to fertility
variations (GRR) or to mortality variations (py).

Looking at Figure 3, we can see that in Veneto (a region in the North of
Italy), for example, the population growth in the 19" century is mainly due
to the increase of the surviving probability from birth to the mean maternity

age: p31.
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Figure 3. Combination of GRR with p3;. Veneto, 1812-1912 (11-value moving me-
dian)

With the differentiated version we can also decompose pss in the contri-
bution given by relevant segments of life, such as infant, young and adult
ages:

NRR = GRR (pn—0 P1-14 P15-M)- &)

Figure 4 shows, for example, that in Veneto the total increment in the
surviving probability from birth to the mean maternity age (M = 31) is the
result of a differentiated evolution of the surviving probability in the infant
ages and in the young-adult ages. While the surviving probability in the first
year of life shows a continuous increase, the probability of surviving during
the young-adult ages starts to rise continuously only in the second part of the
reconstructed period.

From Figures 3 and 4 we can conclude that the considerable population
growth in Veneto during the 19% century, at least until the start of the great
emigrations during the 1880s, is almost only due to the decline of infant mor-
tality [12].
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Figure 4. Combination of p;_3; with p,_g . Veneto, 1812-1912 (11-value-moving-
median)

4.3 An Analysis of the Epidemics Incidence

Figure 5 shows the consequences of the mortality crises?> according to the

relevant age groups obtained from the Chioggia® population reconstruction
[11]. We can see that the crises can be differentiated by age. For example,
it is evident that the years with extra-adult-mortality are not necessarily the
same as those with extra-infant-mortality. We can also notice that:

a) relevant rises in adult mortality occur during periods known as famine
periods (namely 1648-49 and 1678-79); we may therefore presume the
cause to be typhus fever epidemics;

b) we observe now and then an increase in mortality at young ages, which
can be attributed to smallpox.

2 The effect of the crisis (extra-ordinary survival) is computed as the ratio between the prob-
ability to survive to age x at time ¢ and the 11-value-moving-median centred on ¢.
3 Chioggia is a town near Venice.
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Figure 5. Extra-ordinary survival, C(x), at ages n— 0, 1 — 14, 15 — 50. Chioggia,
1640-1720 (11-value-moving-median = 100)

5 Conclusion

‘We have shown that a simple modification of the inverse projection methodol-
ogy allows for information on age at death previously unconsidered. This in-
formation improves the reconstruction of historical populations, especially to
study the age pattern of mortality, its evolution on time and its consequences
on the demographic system.

In the Italian sources, age at death is easy to find, and usually the quality of
this information is good enough to be used for suitable age groups. Further-
more, the most important distinction is between infant and adult mortality.
Having enough information that would help researchers separate deaths at
age 0 from other deaths is a quite common situation, not only in Italy but also
in other countries with even less detailed historical sources. The differentiated
inverse projection can therefore be gainfully used in various situations.*

4 A PC program, called IPD 3.0, is available [7] for population reconstruction by using the
differentiated inverse projection technique. The alghoritm is a generalisation of the inverse
projection, so it gives the same results as does Lee’s procedure when only total deaths are
considered as input.
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